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Estimation of Incident and ReflectedWave Trains in Highly
Nonlinear Two-Dimensional Irregular Waves
Mads Røge Eldrup1 and Thomas Lykke Andersen2
Abstract: Most existing methods for separation of two-dimensional (long-crested) waves into incident and reflected components are based
on linear wave theory. Recently, a new method for separation of incident and reflected nonlinear regular waves was presented including sepa-
ration of bound and free superharmonics. The present paper extends this method to irregular waves. Irregular waves are much more compli-
cated to separate because bound components are caused by interaction of many different frequencies, thus, some simplifications are needed.
The presented nonlinear separation method is based on narrowband approximation. Second-order wave theory is used to demonstrate that
errors for more broad-banded spectra are acceptable. Moreover, for highly nonlinear waves, amplitude dispersion occurs and is included by a
simplified amplitude dispersion correction factor. Both assumptions are evaluated based on numerical and physical model data. The overall
conclusion is that existing reflection separation methods are reliable only for linear andmildly nonlinear nonbreaking irregular waves, whereas
the present method seems reliable for the entire interval from linear to highly nonlinear nonbreaking irregular waves. The present method is
shown to be an efficient and practical approximation for an unsolved theoretical problem in the analysis of waves in physical models. DOI:
10.1061/(ASCE)WW.1943-5460.0000497.© 2018 American Society of Civil Engineers.
Author keywords: Wave reflection analysis; Nonlinear waves; Irregular waves; Bound waves.
Introduction
In physical or numerical tests with irregular waves, only the total
waves (sum of incident and reflected waves) can be measured.
Therefore, a mathematical method is needed for separation of the
total waves into incident and reflected waves (reflection analysis
method). Separation of the waves is important because the response
of most tested structures is related to the incident waves. Moreover,
for many types of structures, the response is very nonlinearly de-
pendent on the incident wave height; thus, small errors on the esti-
mated waves lead to much greater uncertainties on the response.
Furthermore, separation of incident and reflected waves is needed to
calculate the reflection coefficient. The most commonly applied
reflection analysis methods are based on linear wave theory (Goda
and Suzuki 1976; Mansard and Funke 1980; Zelt and Skjelbreia
1992). The performance of these linear methods is generally
unknown when applied to nonlinear irregular waves. Medina
(2001), Figueres et al. (2003), and Figueres and Medina (2004) have
presented methods for separation of nonlinear regular and irregular
waves. Moreover, Lin and Huang (2004) and Lykke Andersen et al.
(2017) have presented methods for nonlinear regular waves.
The nonlinear local approximation using simulated annealing
(LASA) methods proposed by Medina (2001), Figueres et al.
(2003), and Figueres andMedina (2004) are based on local time do-
main solutions using various wave theories. Figueres et al. (2003)
presented LASA V in which a fifth-order Stokes wave is fitted in
each time window. It is, however, questionable to apply this method
to cases in which free superhamonic energy exists. All the LASA
methods are computationally demanding because they are based on
time domain solutions in local windows, which make them less
practical for daily use compared with frequency domain solutions.
Moreover, Lykke Andersen et al. (2017) demonstrated that the
LASA V method is not reliable, not even for linear and mildly non-
linear regular waves.
For regular waves, Lin and Huang (2004) developed a method to
separate superharmonics into bound/free and incident/reflected
components. This method assumes waves of maximum second-
order due to neglecting amplitude dispersion. Lykke Andersen et al.
(2017) recently developed an extension of the Lin and Huang
(2004) method to include amplitude dispersion. The Lykke
Andersen method was validated on linear, mildly nonlinear, and
highly nonlinear regular waves, and proved to be a significant
improvement compared with the previously mentioned existing
methods. The improvement applies to both synthetic stream func-
tion waves and numerical model data for vertical asymmetric waves
on mildly sloping seabeds.
Recently, Qi et al. (2018a) developed a high-order method for
reconstruction of nonlinear wavefields (HOR), but the method is
computationally demanding and not applicable to reflected waves.
The present paper extends the Lykke Andersen method to non-
linear irregular waves.
Problem Statement
Surface elevation of irregular two-dimensional (2D) waves including
both incident and reflected wave components can be described by
h x; tð Þ ¼
XN
n¼1
aI;n cos kI;nx v I;nt þ uI;n
 
þ aR;n cos kR;nx vR;nt þ wR;n
 
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where h = surface elevation; x = given location in the wavefield; t =
time; N = number of wave components; a = wave amplitude; v =
cyclic frequency; w = phase; k = wave number; and subscripts I and
R = incident and reflected components, respectively. Note that at a
given frequency both free and bound wave components can exist
with different wave numbers.
In a recent paper by Qi et al. (2018b) a description of the predict-
able zone was given, which also for the present model leads to a finite
space-time domain in which the surface elevation can be accurately
predicted. Unless thewaves should be predicted far from themeasure-
ment locations, above limitation will only affect the accuracy in the
start and the end of typical long duration irregular tests. Moreover,
any deviation from the mathematical model [Eq. (1)], for example,
due to shoaling and breaking waves or errors on assumed wave num-
ber (celerity), will gradually decrease the accuracy of the predicted
incident and reflected surface elevation time series with distance from
the measurement locations. In the present paper only prediction accu-
racy within the measurement locations are investigated, and the pre-
dictable zone due to these deviations needs further research.
The scope of the present paper is to determine the amplitude,
wave number, and phase for both incident/reflected as well as
bound/free wave components for each frequency in the wavefield.
The bound and free components can be separated due to the differ-
ence in celerity. The celerity of the bound components is calculated
based on second-order wave theory and a narrowband assumption
for the primary spectrum together with a simplified amplitude dis-
persion. The amplitude dispersion is calibrated against two nonlin-
ear numerical model test data.
The present paper explains the Lykke Andersen et al. (2017)
method for regular waves, followed by a presentation of the extension
of themethod to irregular long-crested waves. The related simplifying
assumptions have been evaluated based on second-order wave theory
and numerical tests. Subsequently, the numerical test conditions and
results are presented. Additionally, the sensitivity to noise and array
design is discussed. Finally, application of the new method to labora-
tory data is demonstrated, and conclusions are drawn.
Lykke AndersenMethod
The method by Lykke Andersen et al. (2017) applies to regular lin-
ear and nonlinear waves. This method considers bound and free
superharmonics to be present just as in the Lin and Huang (2004)
method. Bound components exist if the wave is not of infinitely
small amplitude. Free (unwanted) incident components exist if the
bound superharmonics are not correctly generated in the numerical
or physical model.When the incident waves hit a partially reflecting
structure, the reflected waves will contain less bound subharmonic
and superharmonic energy, which is why part of the bound wave
becomes free.
Separation of bound and free components is possible because a
bound superharmonic travels with higher celerity than a free compo-
nent at the same frequency. This separation is not included in linear
methods in which all energy is assumed free. The free superhar-
monics in the Lykke Andersen et al. (2017) method are assumed of
such small amplitudes that linear dispersion is valid. Assuming free
superharmonics are small amplitudes also means that any interaction
of these with the primary component as well as the bound superhar-
monic components can be ignored. The celerity of the bound super-
harmonics equals the celerity of the primary component, which is
different for the incident and reflected waves due to amplitude dis-
persion. Lykke Andersen et al. (2017) applied the mathematical
model of the surface elevation forNth-order regular waves
h x; tð Þ ¼ a 1ð ÞI cos kIx v t þ w 1ð ÞI
 
þ a 1ð ÞR cos kRxþ v t þ w 1ð ÞR
 
þ
XN
n¼2
a nð ÞI;B cos n kIx v tð Þ þ w nð ÞI;B
h i
þ
XN
n¼2
a nð ÞR;B cos n kRxþ v tð Þ þ w nð ÞR;B
h i
þ
XN
n¼2
a nð ÞI;F cos k
nð Þx nv t þ w nð ÞI;F
h i
þ
XN
n¼2
a nð ÞR;F cos k
nð Þxþ nv t þ w nð ÞR;F
h i
þ noise (2)
where subscript I and R = incident and reflected components,
respectively; subscripts B and F = bound and free components;
a = amplitude; v = 2p /T is the cyclic frequency; T = period of the
wave (primary component); w = phase; k = wave number of the
primary components; and k(n) = wave number of the nth-order
free component. Note that this mathematical model assumes statio-
narity, which can be assumed if the time window is selected cor-
rectly. Furthermore, no wave breaking and shoaling are assumed.
Eq. (2) can be formulated in the frequency domain at each wave
gauge position (xm). For the primary component (n = 1), i.e., at fre-
quencyv , the following is obtained:bh 1ð Þ xmð Þ ¼ C 1ð ÞI X 1ð ÞI þ C 1ð ÞR X 1ð ÞR þ X 1ð Þm
X 1ð ÞI ¼ a 1ð ÞI exp i kIx1 þ w 1ð ÞI
 h i
X 1ð ÞR ¼ a 1ð ÞR exp i kRx1 þ w 1ð ÞR
 h i
C 1ð ÞI ¼ exp ikIDxmð Þ
C 1ð ÞR ¼ exp ikRDxmð Þ (3)
where Dxm = xm – x1; andX
1ð Þ
m = Fourier transformation of the noise
at gaugem at frequencyv .
For the higher harmonics (n> 1) the Fourier transformation of
Eq. (2) at frequency nv givesbh nð Þ xmð Þ ¼ C nð ÞI;BX nð ÞI;B þ C nð ÞR;BX nð ÞR;B þ C nð ÞI;FX nð ÞI;F þ C nð ÞR;FX nð ÞR;F þ X nð Þm
X nð ÞI;B ¼ a nð ÞI;B exp i nkIx1 þ w nð ÞI;B
 h i
X nð ÞR;B ¼ a nð ÞR;B exp i nkRx1 þ w nð ÞR;B
 h i
X nð ÞI;F ¼ a nð ÞI;F exp i k nð Þx1 þ w nð ÞI;F
 h i
X nð ÞR;F ¼ a nð ÞR;F exp i k nð Þx1 þ w nð ÞR;F
 h i
C nð ÞI;B ¼ exp inkIDxmð Þ
C nð ÞR;B ¼ exp inkRDxmð Þ
C nð ÞI;F ¼ exp ik nð ÞDxm
 
C nð ÞR;F ¼ exp ik nð ÞDxm
 
(4)
where X nð Þm = Fourier transformation of the noise at gauge m at fre-
quency nv .
The values of the complex parameters X 1ð ÞI , X
1ð Þ
R , X
nð Þ
I;B , X
nð Þ
R;B, X
nð Þ
I;F ,
and X nð ÞR;F are determined by fitting Eqs. (3) and (4) into the measure-
ment at the frequencies nv , where n = 1,2…N. The fitting is per-
formed by minimization of the noise term X nð Þm using the least-
squares method. This gives for n = 1 (Lin and Huang 2004)
© ASCE 04018038-2 J. Waterway, Port, Coastal, Ocean Eng.
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A11 A12
A21 A22
" #
X 1ð ÞI
X 1ð ÞR
24 35 ¼ B1
B2
" #
(5)
and for n> 1 (Lin and Huang 2004)
D11 D12 D13 D14
D21 D22 D23 D24
D31 D32 D33 D34
D41 D42 D43 D44
2666664
3777775
X nð ÞI;B
X nð ÞR;B
X nð ÞI;F
X nð ÞR;F
2666666664
3777777775
¼
E1
E2
E3
E4
2666664
3777775 (6)
The detailed background for these two systems of equations as
well as the expressions for A, B, D, and E were derived by Lin and
Huang (2004). The coefficients are for completion of the present
method repeated in the Appendix.
Ignoring any interaction of incident and reflected wavefields, the
wave numbers of the incident and reflected primary components
(kI and kR) depend, respectively, on the incident and reflected wave
height (HI and HR). The incident and reflected wave height needed
for the nonlinear dispersion relation is part of the solution and is
unknown initially. Therefore, Lykke Andersen et al. (2017) used an
iterative procedure for the wavelength estimation.
The bound superharmonic component usually travels much
faster than the free one, but in shallow water this is not the case with
an infinite small wave height. With finite wave height, the problems
are less because of amplitude dispersion, but they are still relevant
in a few cases. In case the bound and the free waves travel with
almost the same celerity, Lykke Andersen et al. (2017) proposed to
assume that all incident energy is bound and all reflected energy is
free at the problematic frequency (given order n). This assumption
should be valid if incident waves are properly generated and there is
perfect absorption at the wave generator (no free incident waves)
and when only testing mildly reflective structures (bound reflected
waves are very small). The correction is performed when
cbound
cfree
¼ k
nð Þ
n  kI < a (7)
Mathematically a = 1.0 corresponds to the matrix in Eq. (6)
becomes singular because of n·kI = k
(n), but it is not sufficient that
a> 1.0; otherwise, small errors on the bound or free celerity or gauge
positions will influence results significantly. A safe value for a seems
to be 1.15, whereas for a = 1.05–1.15 sometimes reliable results are
obtained, but the sensibility of the results has to be checked.
Application of the Lykke Andersen Method to
IrregularWaves
In irregular waves, the bound superharmonics at a given frequency
stem from the interaction of many different primary components;
consequently, the celerity of each of these interactions is slightly
different. This makes the extension of the Lykke Andersen method
to irregular waves complicated. However, assuming a narrow-
banded primary spectrum, an exact solution for mildly nonlinear
waves (second-order waves) can be established. For a narrow-
banded spectrum, all the superharmonic components at a given fre-
quency have the same celerity and order. The bound superharmonic
of nth order at angular frequency vn has the celerity of the primary
component at angular frequency v = vn/n (self-interacting). In
irregular waves, bound subharmonics (the so-called bound long
waves) are also present and also included in the present mathemati-
cal model. The subharmonics at a given frequency stem also from
the interaction of many different primary components. Each of
these interactions has a different celerity, but for a narrowbanded
spectrum, all bound subharmonics have celerity equal to the group
velocity at the peak frequency. The errors related to the narrowband
assumption are in the following section shown to be small for typi-
cal single-peaked primary spectra (e.g., JONSWAPwith g = 3.3).
For highly nonlinear waves, amplitude dispersion is important
(Lykke Andersen et al. 2017). Because amplitude dispersion is very
complicated in irregular waves, an engineering correction is used in
which the celerity of the primary components is taken as the linear
celerity divided with a constant factor (b)
b I ¼
Llinear
Lincident; nonlinear
(8)
b R ¼
Llinear
Lreflected; nonlinear
(9)
For waves up to the second-order b = 1, but for third and higher
order waves b< 1. In irregular waves b varies in time, but, as dis-
cussed in the following, a constant characteristic value is used in the
present paper to apply frequency domain solutions.
The wave spectrum is divided into sub, primary, and superhar-
monic segments:
1. For v ≤ 0.5vP it is assumed that bound subharmonics and free/
primary energy exist. Eq. (10) is the mathematical model.
2. For 0.5 vP<v < 1.5 vP only primary energy exists. Eq. (11)
is the mathematical model.
3. For v ≥ 1.5 vP bound superharmonics and free/primary energy
exist. At a given frequency, only bound superharmonics of one
order are assumed to occur. The nth order bound superharmonics
are assumed to occur only in the angular frequency interval (n −
0.5) vP to (nþ 0.5) vP. Eq. (12) is the mathematical model.
These segments, which are valid for narrowbanded primary
spectra, have been chosen to maximize applicability for broader
spectra. This is further demonstrated in the following sections. The
amplitude dispersion (b factor) is applied only for the primary
energy in the interval 0.5vP<v < 1.5vP and for the bound com-
ponents. The bound superharmonics thus propagate with a celerity
v /(nbk(v /n)), and the bound subharmonics propagate with a celer-
ity cg(fP)/b, where cg(fP) = linear group velocity at the spectral peak
frequency. For the subharmonics at the frequency v , the following
mathematical model is obtained:bh v ; xmð Þ ¼ C 1ð ÞI;B X 1ð ÞI;B þ C 1ð ÞR;B X 1ð ÞR;B þ C 1ð ÞI;F X 1ð ÞI;F þ C 1ð ÞR;F X 1ð ÞR;F
þ Xm
X 1ð ÞI;B ¼ aI;B vð Þ exp i vb I=cg fP; hð Þx1 þ w I;B vð Þ
  
X 1ð ÞR;B ¼ aR;B vð Þ exp i vb R=cg fP; hð Þx1 þ wR;B vð Þ
  
X 1ð ÞI;F ¼ aI;F vð Þ exp i k v ; hð Þx1 þ w I;F vð Þ
  
X 1ð ÞR;F ¼ aR;F vð Þ exp i k v ; hð Þx1 þ wR;F vð Þ
  
C 1ð ÞI;B ¼ exp ivb I=cg fP; hð ÞDxm
 
C 1ð ÞR;B ¼ exp ivb R=cg fP; hð ÞDxm
 
C 1ð ÞI;F ¼ exp ik v ; hð ÞDxmð Þ
C 1ð ÞR;F ¼ exp ik v ; hð ÞDxmð Þ (10)
where k = wave number determined by linear dispersion. It appears
that the solution can be found by Eq. (6) with the new formulas for
CI,B,CR,B,CI,F, andCR,F.
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For primary components at frequency v , the following mathe-
matical model is obtained:
bh v ; xmð Þ ¼ C 1ð ÞI X 1ð ÞI þ C 1ð ÞR X 1ð ÞR þ Xm
X 1ð ÞI ¼ aI vð Þ exp i b I k v ; hð Þ x1 þ w I vð Þ
  
X 1ð ÞR ¼ aR vð Þ exp i b R k v ; hð Þ x1 þ wR vð Þ
  
C 1ð ÞI ¼ exp ib I k v ; hð ÞDxmð Þ
C 1ð ÞR ¼ exp ib R k v ; hð ÞDxmð Þ (11)
It appears that the solution can be found by Eq. (5) with the new
formulas forCI andCR.
For the superharmonics at frequency v , the following mathe-
matical model is obtained:
bh v ; xmð Þ ¼ C nð ÞI;BX nð ÞI;B þ C nð ÞR;BX nð ÞR;B þ C nð ÞI;FX nð ÞI;F þ C nð ÞR;FX nð ÞR;F þ Xm
X nð ÞI;B ¼ aI;B vð Þ exp i nb I k v=n; hð Þx1 þ w I;B vð Þ
  
X nð ÞR;B ¼ aR;B vð Þ exp i nb R k v=n; hð Þx1 þ wR;B vð Þ
  
X nð ÞI;F ¼ aI;F vð Þ exp i k v ; hð Þx1 þ w I;F vð Þ
  
X nð ÞR;F ¼ aR;F vð Þ exp i k v ; hð Þx1 þ wR;F vð Þ
  
C nð ÞI;B ¼ exp inb I k v=n; hð ÞDxmð Þ
C nð ÞR;B ¼ exp inb R k v=n; hð ÞDxmð Þ
C nð ÞI;F ¼ exp ik v ; hð ÞDxmð Þ
C nð ÞR;F ¼ exp ik v ; hð ÞDxmð Þ (12)
where n = bf=fP þ 0:5c with bxc being the greatest integer function
of x. It appears that the solution can be found by Eq. (6) with the
new formulas forCI,B,CR,B,CI,F, andCR,F.
The mathematical problem can be solved in the frequency do-
main by the determination of bI and bR by iteration with an initial
value of 1.0 corresponding to infinite small waves. The convergence
of bI and bR is very fast. The computational effort is only a few
times larger than that for linear methods such as the method of Zelt
and Skjelbreia (1992). The frequency domain solution requires the
sea state to be stationary. This is usually solved by excluding in the
analysis the first part of the time series in which reflections are not
yet fully developed and by applying a taper window to the time se-
ries. Also, for irregular waves a correction might be needed for shal-
low water waves because the bound and the free waves travel with
almost the same celerity. The correction procedure applied for regu-
lar waves is applicable and used in the present paper.
Errors Related to Narrowband Assumption
The actual wave celerity of both the bound superharmonics and sub-
harmonics for mildly nonlinear waves can be calculated by second-
order wave theory. Application of this theory makes evaluation of
the validity of the narrowband assumptions possible. Fig. 1 shows
the celerity error for the superharmonics [Fig. 1(a)] and subhar-
monics [Fig. 1(b)], where k0 = wave number for the primary fre-
quency (f0), and f0 = fP is assumed for the subharmonic. The error in
the present narrowband assumption (solid lines) is zero for Df = 0,
and increasing with increasing Df, where Df = frequency difference
of two interacting primary components with frequencies f1 = f0 −
Df/2 and f2 = f0 þ Df/2. The error for Df = 0 for superharmonics is
0–48% and for subharmonics it is 0–120% when linear theory (free
wave assumption) is used for the bound component. For Df> 0 it is
seen that the celerity from second-order theory with narrowband
assumption is higher than the real celerity based on full second-
order theory. For example, for Df/f0 = 0.2 the celerity error of the
superharmonics is for 0.17≤ k0h≤ 1.87 between 3 and 13% for nar-
rowband assumption and 3 and 41% for the linear theory. For the
same Df, the real celerity of the subharmonics based on full second-
order theory is 2–6% lower than the narrowband assumption and 2–
134% lower than the linear theory. The errors for the narrowband
assumption are significantly smaller than errors related to linear
theory. Fig. 2(b) shows that mainly smallDf values contribute to the
second-order superharmonic energy, and Fig. 2(c) shows that for
the given example 84–95% of the second-order superharmonic
energy stems from Df/f0< 0.2 for which the celerity error is up to
5% for the narrowband assumption. The error would have been
more significant if the example had been in deeper water, but then
the amount of second-order energy would also be less significant
compared with the amount of primary energy. Thus, the narrow-
band assumption is for practical applications expected to provide
accurate estimates of the celerity of the bound waves.
Moreover, the interaction of the incident and reflected compo-
nents has been ignored in the proposed method. The related errors
have been studied by calculating the transfer functions (Gnm and
Gþnm) using second-order wave theory. The second-order transfer
functions calculate the amount of second-order energy produced by
the two free interacting components. See Eq. (67) in Schäffer and
Steenberg (2003) for the calculation of the second-order transfer
function. The error in disregarding the interaction between the inci-
dent and reflected components has been studied by comparing the
second-order transfer functions (Gnm and G
þ
nm) for two components
having the same direction (Du = 0°) with that for two components
in the opposite direction (Du = 180°). The results, presented in
Fig. 3, show that the interaction between incident and reflected
components is zero for the superharmonics when narrowbanded
spectra are used. However, even for more broad-banded spectra, the
interaction of incident and reflected waves is very small for both the
superharmonics and the subharmonics. Therefore, it is reasonable
to ignore the interaction when second-order theory is valid.
The previously mentioned findings are for mildly nonlinear
waves for which amplitude dispersion is not relevant.
Numerical Calibration and Validation Data
A numerical model is used to generate the calibration and valida-
tion data because no analytical solution for highly nonlinear irreg-
ular waves exists. A horizontal seabed is assumed in the reflection
separation method, but for the numerical model a sloping fore-
shore has to be included because the waves need to be described
by a valid wave theory at the generation point to avoid free har-
monics. The sloping foreshore is then used to transform the linear
waves to nonlinear waves including shoaling and wave–wave
interaction. The numerical data were generated by the one-
dimensional COULWAVE Boussinesq model (Lynett and Liu
2004). Other researchers, such as Hsiao et al. (2005) and Teixeira
et al. (2010), have validated the COULWAVE model, and it has
proven to be a robust and accurate model for propagating waves
from deep to shallow water including nonlinear effects. The dis-
cretization of the numerical model was two vertical layers and
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Dx = LP/200, where LP = wavelength of the peak wave period at
the generation point. The time step was based on the Courant
number, C = c0 Dt/Dx = 0.5, where c0 = shallow water celerity at
the generation point.
The waves were generated from a JONSWAP spectrum. A peak
enhancement factor g = 10 was used for the b calibration tests
because the new method is correct to second-order for narrow-
banded spectra, whereas, as demonstrated in Fig. 1, minor errors
might occur for normal and wide spectra. Therefore, sea states with
g = 3.3 were generated for the validation tests to evaluate the pres-
ent method for more typical spectra. Because the COULWAVE
model presently only can generate linear waves, the depth at the
generation point is a compromise between linear theory being valid
for wave generation and not exceeding the kh limit of the two-layer
model (kh< 6). For the sea states with g = 10, it was chosen to gen-
erate the waves at h/gT2P = 0.068 corresponding to kh< 6 for 1.5
times the peak frequency and h/gT2P = 0.017 for g = 3.3 correspond-
ing to kh< 6 for three times the peak frequency (Fig. 4). For the
nonlinear test cases, this only slightly violates the range in which no
free second-order energy exists when first-order wave generation is
applied.
The waves were shoaling on a 1:100 foreshore slope ensuring no
significant depth induced breaking for the maximum incident wave
(Hmax/h ≤ 0.62 in all sea states). On the 1:100 slope, an array of
seven wave gauges (wg1–wg7) was used with Dxm of 0, 0.5, 0.82,
1.10, 1.39, 1.55, and 2.00 m (Fig. 5). Choosing the same array for
all sea states is justified by a rather small variation in the peak wave-
length and the high number of gauges. The influence of the wave
gauge array design is discussed later in the paper. The waves are
measured on the slope because Beji and Battjes (1993) demon-
strated that a transition to a horizontal plateau would release a part
of the bound wave energy, so the correct solution is unknown.
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Fig. 1. Validity of linear assumption (dashed lines) and second-order narrowband assumption (solid lines), respectively, for the celerity (cassumption)
of (a) bound superharmonics; and (b) bound subharmonics as a function of Df = f2 − f1, where f1 = f0 − Df/2 and f2 = f0þDf/2. Calculations of creal are
based on full second-order theory, i.e., for mildly nonlinear waves. For the subharmonics, fP = f0 is assumed.
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Moreover, in typical model test setups, a sloping foreshore would
also be present in front of the model. The numerical validation tests
(g = 3.3) were performed with different amounts of reflection by
using a highly absorbing sponge layer corresponding to a reflection
coefficient CR = Hm0;R=Hm0;I  0 and a 1:10 slope corresponding
to CR = 0.38–0.76 depending on the sea state and a fully reflective
wall (CR 1) at the end of the model. The calibration tests (g = 10)
were performed solely with the highly absorbing sponge layer
because these tests were only used for calibration of b. Thus, in
total 11 numerical tests were performed. Fig. 5 shows the differ-
ent setups with different degrees of reflection for Sea States B and
C from Table 1. The distance between the reflective structures and
the closest wave gauge (Dx) in all tests fulfilled the recommendation
Dx> 0.4LP as suggested byKlopman and van derMeer (1999).
Wave conditions were generated with parameters according to
Table 1. Waves were generated using the inverse fast Fourier trans-
form (InvFFT) principle, and each test contained approximately
1,000 waves. The diagram by LeMehaute (1969) is used to describe
the nonlinearities of the five sea states on the slope in which Hmax
and TP are used to define each sea state (Fig. 4). The shoaling from
the generation point is also shown. Sea States D and E are highly
nonlinear waves used to calibrate the calculation of b based on the
narrowband assumption. Sea States A, B, and C are used for valida-
tion and for comparing the present method with existing methods
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second-order energy having aDf less than a given value; and (d) related errors on the celerity when using narrowband assumption.
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for a typical spectral shape. The bandwidth parameter at the wave
generation point is calculated with Eq. (13) and is given in Table 1.
For white noise  = 1, whereas for spectra including only one fre-
quency,  = 0
 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0m2
m21
 1
r
(13)
where m0, m1, and m2 are the 0th, first, and second moments of the
wave spectrum.
Sea State A is linear waves for which all reflection analysis
methods should be valid. Sea State B corresponds to mildly nonlin-
ear waves for which second-order wave theory is valid for the maxi-
mum wave height. Sea State C corresponds to highly nonlinear
waves in rather shallow water.
All of the present applied reflection separation methods assume
a horizontal seabed. However, because the seabed slope is mild
(1:100) reasonable results are expected by using the water depth in
the middle of the wave gauge array.
Calibration of Nonlinear Amplitude Dispersion Factor
The calibration of b is done by comparing the measured phase shift
between wg1 and wg7 in Sea States D and E with the calculated
phase shift. The calculated phase shifts are given by the terms
depending on Dxm in Eqs. (10)–(12) using the assumed wave num-
bers in accordance with the present method. The measured phase
shifts are calculated by cross-spectral analysis and computed as
tan−1 of the ratio of the quad density estimates over the cross-
density estimate. The measured phase shifts are based on subseries
with N = 4096 (Df = 0.0104 Hz) using 20% tapering, and overlap-
ping of the subseries. The cross-spectral densities and quad spectral
densities are then calculated as average values of the subseries
(approximately 50 subseries are used).
The simplified amplitude dispersion factor, b, was calculated by
stream function theory for regular waves (Fenton and Rienecker
1980) using TP as a characteristic wave period and various charac-
teristic wave heightsHc. The used relations for Eqs. (8) and (9) are
b I ¼
L 0; TP; hð Þ
L Hc;I ; TP; hð Þ (14)
b R ¼
L 0; TP; hð Þ
L Hc;R; TP; hð Þ (15)
For the calibration of b, tests with almost 100%wave absorption
were used. Therefore, only bI can be calibrated, and it is assumed
that HC,I = HC,R. The measured phase differences stem only from
the incident bounded components, which makes the calibration
more reliable. In Fig. 6, bI has been calculated for Sea States D and
E with Hc = 0, Hc = Hm0, and Hc = 2Hm0 by Eq. (14). The figure
shows that in the primary part (0.5< f/fP< 1.5) both Hc = 0 and
Hc = Hm0 provide phase differences close to the measured ones, but
Hc = Hm0 was found slightly better when considering the highest
waves in the time series. This is because the measured phase shift is
an average value considering the entire time series, whereas the
highest waves have lower b values. The bound superharmonics are
mainly present in the high waves; therefore, the calculated phase
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Fig. 3. Interaction between waves with opposite directions (incident and reflected) for the (a) subharmonics; and (b) superharmonics.
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shift in that region reflects these waves. Fig. 6 shows that b calcu-
lated with Hc = Hm0 provides the more accurate phase shift for the
superharmonics when considering the frequency interval in which
significant superharmonic energy is present. In this way, the
assumption that the celerity of the bound higher harmonics can be
calculated by assuming self-interaction with simplified amplitude
dispersion has been demonstrated. Moreover, the figure shows that
linear theory (primary withHc = 0) leads to very wrong phase shifts
for the superharmonics, especially for n> 2. The present method
has been implemented in the wave analysis software WaveLab 3
(2017) for reflection analysis of irregular waves. In the following
the present method is evaluated with b calculated withHc =Hm0 for
the test cases with wider wave spectra.
Validation on Numerical Model Data
The present method with the previously calibrated b has been
applied to Sea State C with the 1:10 slope (Fig. 7). The top of the
figure shows the calculated total/primary incident and reflected
spectrum, and the bottom of the figure shows the surface eleva-
tion of the total spectrum, the primary segment, and the bound
segments of the incident and reflected waves. The calculated pri-
mary incident spectrum corresponds to a typical shoaled
JONSWAP spectrum, which gives confidence both to the method
and to the division of the spectra into subharmonic, primary, and
superharmonic parts. The division in the frequency bands is rea-
sonable for the present case because no significant bound energy
is present at the limits (iþ 0.5)fP for i = 0,1,2…. The figure also
shows that for the specific case Eq. (7) is fulfilled for f< 0.41 Hz
and n = 2 for the incident waves (shallow water exception). Thus,
the incident energy cannot be separated into bound and free com-
ponents in the range 1.5fP to 0.41 Hz. The consequence of this is
irrelevant for the overall objective of calculating the total incident
time series (boundþ free components), and all incident energy in
this range is assumed bound. The surface displacement time
series of the bound superharmonics are, as expected, when the
crest occurs in the wave crest of the primary wave. The total inci-
dent waves show steep and narrow crests and wide troughs, which
is typical for highly nonlinear waves.
The present separation method is further validated and compared
with the other separation methods by using the numerical validation
cases Sea States A, B, and C. For this the coefficient of determina-
tion R2 for the measured waves and the predicted waves is calcu-
lated. For the method to completely agree with the actually meas-
ured waves, R2 = 1. Fig. 8 shows for the three sea states with an
absorber the measured and predicted incident surface elevations
compared with the first, middle, and last wave gauges in the array.
Because the measurements are without noise and reflections (h I =
hTotal), all points would lie on the 45° line in case of perfect
agreement. For all three sea states, LASA V poorly predicts the
incident surface elevations giving a coefficient of determination
R2 from 0.800 to 0.962. The linear sea state (A) gives the largest
error for this method. For Sea States A and B, the Zelt and
Skjelbreia (1992) method gives good results (R2 ≥ 0.998), but for
Sea State C significant differences between predicted and meas-
ured surface elevations are observed (R2 from 0.965 to 0.996).
The predictions are best for the middle wave gauge, but the high-
est crests are significantly underpredicted. For the other wave
gauges, the error is much larger due to the assumption of linear
dispersion. The present method provides good results for all three
sea states. For the middle wave gauge, R2 = 1.000 is obtained for
all three sea states. R2 = 1.000 also is obtained for the other
gauges except for Sea State C, where R2 = 0.998. The reason for
the slightly better predictions by the middle wave gauge might be
the negligence of the shoaling on the 1:100 slope and/or small
errors on the wave celerity (e.g., b factors and narrowband
assumption for broader spectra).
For the test with full reflection, the estimated incident waves
might be compared with cases without the structure in place.
However, the numerical results indicate that the incident waves
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interact with the reflected waves causing the incident waves to be
different without the structure in place. This effect is demonstrated
in Fig. 9, in which the reflected waves appear unrealistic with deep
and narrow troughs when assuming incident waves to be identical
to those without the structure in place. The effect seems caused by a
phase shift of the incident waves. As demonstrated previously this
interaction could be neglected for mildly nonlinear waves (second-
order waves). However, second-order wave theory does not con-
sider the influence of the return currents on the celerity. Moreover,
the bound long incident waves become partly long free reflected
waves, which cause slowwater level fluctuations influencing the ce-
lerity of the incident waves. This effect is in the present numerical
data present for Sea State A because the waves shoal up to highly
nonlinear waves before hitting the reflective structure. Thus,
reflected waves will contain long free waves that interact with the
incident waves.
Many laboratories calibrate waves without the structure in place,
assuming the incident waves with and without a structure in place to
Table 1. Numerical test conditions (incident waves)
Sea state hgen (m) TP (s) Hm0, gen (m) g hwg1 (m) Hm0, wg1 (m) Hmax, wg1 (m) 
A 4.14 5 0.050 3.3 3.37 0.050 0.088 0.30
B 2.65 4 0.150 3.3 1.38 0.158 0.263 0.29
C 2.65 4 0.150 3.3 0.58 0.181 0.308 0.29
D 2.65 4 0.150 10.0 0.58 0.181 0.308 0.12
E 10.00 4 0.320 10.0 0.94 0.313 0.578 0.12
Fig. 5. Three setups (absorber, slope, and wall) in COULWAVE for Sea States B and C for (a) no reflection; (b) partly reflection; and (c) full reflec-
tion conditions. The vertical and horizontal scale is not identical. SWL = still-water level.
© ASCE 04018038-9 J. Waterway, Port, Coastal, Ocean Eng.
 J. Waterway, Port, Coastal, Ocean Eng., 2019, 145(1): 04018038 
D
ow
nl
oa
de
d 
fr
om
 a
sc
el
ib
ra
ry
.o
rg
 b
y 
A
al
bo
rg
 U
ni
ve
rs
ity
 o
n 
11
/2
1/
18
. C
op
yr
ig
ht
 A
SC
E
. F
or
 p
er
so
na
l u
se
 o
nl
y;
 a
ll 
ri
gh
ts
 r
es
er
ve
d.
0
0.005
0.01
0.015
0.02
0.025
0.03
S
pe
ct
ra
l D
en
si
ty
 [m
2
s]
Sea State D
Sub Primary
Super, 
n  = 2
Super, 
n  = 3
0
0.02
0.04
0.06
0.08
0.1
Sea State E
Sub Primary
Super, 
n  = 2
Super, 
n  = 3
0
1
2
3
4
5
6
0 1 2 3 4
0
1
2
3
4
5
6
P
ha
se
 S
hi
ft 
[r
ad
]
Data Primary, (Hc = 0)
Super, (Hc = 0)
Sub, (Hc = 0)
Primary, (Hc = Hm0)
Super, (Hc = Hm0)
Sub, (Hc = Hm0)
Primary, (Hc = 2Hm0)
Super, (Hc = 2Hm0)
Sub, (Hc = 2Hm0)
0 1 2 3 4
0 1 2 3 4
0 1 2 3 4
f/fP [-]
-0.5
0
0.5
1
0 1 2 3 4
f/fP [-]
-0.5
0
0.5
1
P
re
di
ct
ed
 -
 M
ea
su
re
d 
P
ha
se
 S
hi
ft 
[r
ad
]
(a)
(c) (d)
(b)
(e) (f)
0 1 2 3 4
Fig. 6. (a and b) Total spectrum; (c and d) measured phase shift and predicted between wg1 and wg7; and (e and f) difference between the predicted
andmeasured phase shift.
© ASCE 04018038-10 J. Waterway, Port, Coastal, Ocean Eng.
 J. Waterway, Port, Coastal, Ocean Eng., 2019, 145(1): 04018038 
D
ow
nl
oa
de
d 
fr
om
 a
sc
el
ib
ra
ry
.o
rg
 b
y 
A
al
bo
rg
 U
ni
ve
rs
ity
 o
n 
11
/2
1/
18
. C
op
yr
ig
ht
 A
SC
E
. F
or
 p
er
so
na
l u
se
 o
nl
y;
 a
ll 
ri
gh
ts
 r
es
er
ve
d.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
0.005
0.01
0.015
0.02
0.025
S
pe
ct
ra
l D
en
si
ty
 [m
2
s]
Sea State C with 1:10 Slope
Calculated Total Incident Spectrum
Calculated Primary Incident Spectrum
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Frequency [Hz]
0
0.005
0.01
0.015
0.02
0.025
S
pe
ct
ra
l D
en
si
ty
 [m
2
s]
Calculated Total Reflected Spectrum
Calculated Primary Reflected Spectrum
2,076 2,078 2,080 2,082 2,084 2,086 2,088 2,090 2,092 2,094 2,096
2,076 2,078 2,080 2,082 2,084 2,086 2,088 2,090 2,092 2,094 2,096
-0.1
0
0.1
0.2
S
ur
fa
ce
 E
le
va
tio
n 
[m
] Total Incident
Primary Incident
Bound Incident
Time [s]
-0.1
0
0.1
0.2
S
ur
fa
ce
 E
le
va
tio
n 
[m
] Total Reflected
Primary Reflected
Bound Reflected
Eq. 10 Eq. 11 Eq. 12, n = 2 Eq. 12, n = 3
(a)
(b)
(c)
(d)
Fig. 7. (a and b) Total and primary (no superharmonic and subharmonic components) spectrum: (a) incident waves; (b) reflected waves. (c and d)
Time series of the total, primary, and bound waves: (c) incident waves; (d) reflected waves. For f< 0.41 Hz, Eq. 7 is fulfilled for a = 1.15 and n = 2;
thus, separation of bound and free components is not performed. The vertical dashed lines in (a and b) separate the frequency domain into subhar-
monic, primary, and superharmonic parts with the related equations.
© ASCE 04018038-11 J. Waterway, Port, Coastal, Ocean Eng.
 J. Waterway, Port, Coastal, Ocean Eng., 2019, 145(1): 04018038 
D
ow
nl
oa
de
d 
fr
om
 a
sc
el
ib
ra
ry
.o
rg
 b
y 
A
al
bo
rg
 U
ni
ve
rs
ity
 o
n 
11
/2
1/
18
. C
op
yr
ig
ht
 A
SC
E
. F
or
 p
er
so
na
l u
se
 o
nl
y;
 a
ll 
ri
gh
ts
 r
es
er
ve
d.
be identical. It is well known that this requires a highly absorbing
beach during calibration tests and a highly effective active absorp-
tion system with the structure in place. However, it is less well
known that the incident waves with the structure in place are differ-
ent due to an interaction with reflected waves as Fig. 9 demon-
strates. The interaction between the incident and reflected waves is
important because the structural response is related to the actual
incident waves with the structure in place. The previously men-
tioned findings also show that calibration tests might be needed if
target waves are given without structure in place.
To verify how well the test data fit the mathematical model, the
total predicted surface elevations (h I þ hR) are compared with the
total measured for each of the wave gauges. The results are shown
in Table 2. The results for the three sea states with an absorber show
similar results to Fig. 8, except for LASA V, which shows smaller
errors on the total elevations than on the incident elevations. For the
1:10 slope, the R2 values are similar to the case with the absorber.
For the fully reflective wall, results for Sea States A and B are simi-
lar to the fully absorbing slope and the 1:10 slope. However, for the
highly nonlinear waves (Sea State C), larger errors are present for
the fully reflecting wall, but the present method gives acceptable
results. Note that in this case reflected waves might cause breaking
of the incident waves because the incident waves alone are close to
depth limitation (Fig. 4).
The results for the total elevations do not necessarily indicate the
real error on the incident waves when reflection is present.
Therefore, time series of predicted incident waves and reflected
waves are presented in Figs. 10 and 11. In those figures, the
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Fig. 8. Comparison of measured total and predicted incident surface elevation (h I) for the absorber (CR  0) and the three sea states for the wave
gaugeswg1,wg4, andwg7.
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measured surface elevation is compared with the predicted incident
and reflected surface elevations for the different methods. The
absorber case is shown in Fig. 10 for the instances in which the
highest wave occurs. LASA V predictions deviate significantly
from the measured waves for all sea states. For sea states A and
B, the Zelt and Skjelbreia (1992) method provides acceptable
results. For the highly nonlinear waves (Sea State C), results of
both LASA V and Zelt and Skjelbreia (1992) are unacceptable
with large underpredictions of the crests and high undulations in
the trough. The present method provides good results for all sea
states with only minor deviations for the highly nonlinear waves
(Sea State C). Likewise, Fig. 11 presents the results of the 1:10
slope. Because of the interaction of incident and reflected waves,
the incident waves cannot be directly compared with the waves
without the structure in place (absorber). The wave trains with
the absorber are though included in the figures for qualitative
comparison. For the existing methods, the predictions have simi-
lar errors as found for the absorber case. For the present method,
the estimated reflected waves are realistic and do not show the
problems identified in Fig. 9. The incident waves also look real-
istic when taking into account the expected phase shift compared
with the waves without the structure in place (interaction of inci-
dent and reflected waves). Moreover, for the linear waves (Sea
State A) the present method gives identical results to the linear
Zelt and Skjelbreia (1992) method. Table 3 shows the conse-
quences of choosing the reflection separation method on charac-
teristic wave parameters. Because of the previously mentioned
interaction of the incident and reflected waves, the target wave
parameters are only accurately known for the absorber case from
which the following conclusions may be drawn:
1. For the linear waves (Sea State A), the Zelt and Skjelbreia
(1992) and present methods give identical results and agree
with the target values for all wave parameters. This is not the
case for the LASA V method, which underpredicts the wave
heights by 10–15%.
2. For the mildly nonlinear waves (Sea State B), all methods yield
acceptable wave parameters.
3. For the highly nonlinear waves (Sea State C), the error on the
Hm0 wave height is acceptable for all three methods. However,
the errors on the time domain parameters are 6–12% for the typi-
cally applied linear methods (e.g., Zelt and Skjelbreia). For
LASA V and the present method, the error on the time domain
parameters is acceptable, but it is smallest for the present method,
in which the error on all wave height parameters is below 1%.
For the 1:10 slope and the vertical wall, the target values are not
accurately known. However, it is clear from Table 3 that LASA V
always gives a very significant increase in the maximum incident
wave height when reflection is high. This also is the case for the lin-
ear waves (Sea State A), in which LASA V gives a 30% higher
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Time [s]
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-0.1
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0
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0.15
0.2
 [m
]
Meas. absorber Meas. slope R = Meas. slope - Meas. absorber
Fig. 9. Time series for Sea State C atwg7. The results with an absorber are used as incident waves, and the results from the slope are used to calculate
the reflected wave train assuming incident waves unchanged.
Table 2. Coefficient of determination R2 for the total surface elevation
(h I þ hR)
Sea state Structure Method wg1 wg4 wg7
A Absorber Zelt and Skjelbreia 1.000 1.000 1.000
LASA V 0.929 0.973 0.927
Present method 1.000 1.000 1.000
Slope Zelt and Skjelbreia 1.000 1.000 1.000
LASA V 0.908 0.968 0.914
Present method 1.000 1.000 1.000
Wall Zelt and Skjelbreia 1.000 1.000 1.000
LASA V 0.938 0.978 0.922
Present method 1.000 1.000 1.000
B Absorber Zelt and Skjelbreia 0.999 1.000 0.999
LASA V 0.963 0.977 0.967
Present method 1.000 1.000 1.000
Slope Zelt and Skjelbreia 0.999 1.000 0.999
LASA V 0.944 0.970 0.951
Present method 1.000 1.000 1.000
Wall Zelt and Skjelbreia 0.999 1.000 0.999
LASA V 0.930 0.964 0.936
Present method 1.000 1.000 1.000
C Absorber Zelt and Skjelbreia 0.968 0.995 0.976
LASA V 0.944 0.958 0.950
Present method 0.999 1.000 1.000
Slope Zelt and Skjelbreia 0.971 0.996 0.981
LASA V 0.933 0.957 0.947
Present method 0.999 1.000 1.000
Wall Zelt and Skjelbreia 0.952 0.990 0.967
LASA V 0.912 0.926 0.928
Present method 0.997 0.998 0.998
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maximum wave height for the vertical wall compared with the tar-
get (absorber case). For the other two sea states, the increase in the
maximum wave height predicted by LASA V is less, but it is still
significantly higher than the other two methods. Fig. 11 supports
the fact that this increase in maximum wave height is not correct
and is due to an unrealistic wave profile predicted by LASAV. This
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LASA V reflected
Present reflected
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Sea State C - Absorber
Fig. 10. Measured and predicted surface elevation time series atwg7 for the absorber for the instances in which the highest waves occur.
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is, for example, demonstrated by Sea State C, in which large undu-
lations are predicted in the incident wave trough. These undulations
are not present in the incident wave taken from the absorber case.
Overall, the numerical tests show that for linear and mildly non-
linear waves the linear separation methods provide acceptable
results, but for highly nonlinear waves only the present method
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Fig. 11. Measured and predicted surface elevation time series atwg7 for the slope 1:10 for the instances in which the highest waves occur.
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provides acceptable results. The LASA V method was not found to
be an improvement over linear reflection separation methods for
any of the tested sea states. Concerning the computational costs
compared with Zelt and Skjelbreia (1992), the present method is
approximately two times slower (computational time less than 1
min for one test), whereas the LASA V method is 1,500 times
slower (17 h for the same test).
Sensitivity to Noise
The three separation methods have been tested for sensitivity to
wave gauge noise. Highly nonlinear waves and the absorber are
used in the analysis. The noise on the seven wave gauges is assumed
uncorrelated Gaussian white generated in accordance with the cen-
tral limit theorem as
noise ¼ N
2
þ
XN
i¼1
xi
 ! ffiffiffiffiffi
12
N
r
(16)
h noise tð Þ ¼ noise tð Þs
where xi ¼ randomnumber between 0 and 1 uniformly distributedð Þ;
N ¼ sufficiently large integer value; ands ¼ amount of noise
2:5% of the spectral wave heightHm0 usedð Þ:
Fig. 12 shows the results of the predicted incident wave trains
with and without noise and shows the measured signal with noise.
The present method proves to be very robust to noise because the
predictions with and without noise are almost identical, except for
small high-frequency undulations that may easily be removed by an
analogue band-pass filter. The Zelt and Skjelbreia (1992) and
LASA V methods are quite sensitive to noise because the predicted
incident waves with and without noise deviate significantly from
each other. The present method is much less sensitive to noise,
which is expected to be caused by the more complete mathematical
model; thus, the added noise is more likely detected as belonging to
the noise term X. Note that this conclusion only holds if the system
is overdetermined (more than four gauges are needed for the area in
which both bound and free components exist); otherwise, the noise
term will always be predicted to zero. Therefore, in the following
section, sensitivity to noise is also studied as a function of the num-
ber of wave gauges. Note also that Lykke Andersen et al. (2017)
studied the sensitivity to noise for a regular wave. For the regular
waves, only specific frequencies (primary and superharmonics) are
analyzed, whereas for the irregular waves many frequencies are an-
alyzed. Therefore, sensitivity to noise is much less for regular waves
compared with irregular waves.
Wave Gauge Array Design
Concerning array design, both the number of gauges and the indi-
vidual gauge positions are important. For the gauge positions, it is
Table 3.Wave heights in meters and periods in seconds for wg7
Sea state Structure Method Hm0 Hs = H1/3 H2% H1/50 Hmax Tz
A Absorber Target 0.050 0.048 0.065 0.072 0.089 4.22
Zelt and Skjelbreia 0.050 0.048 0.065 0.072 0.089 4.22
LASA V 0.042 0.041 0.058 0.065 0.076 4.30
Present method 0.050 0.048 0.065 0.072 0.089 4.22
Slope Zelt and Skjelbreia 0.048 0.046 0.062 0.069 0.089 4.13
LASA V 0.045 0.043 0.059 0.068 0.088 4.44
Present method 0.048 0.046 0.062 0.069 0.088 4.13
Wall Zelt and Skjelbreia 0.049 0.048 0.065 0.072 0.093 4.27
LASA V 0.055 0.054 0.082 0.095 0.116 4.37
Present method 0.049 0.048 0.065 0.071 0.093 4.27
B Absorber Target 0.159 0.153 0.212 0.228 0.256 3.51
Zelt and Skjelbreia 0.159 0.153 0.211 0.226 0.250 3.52
LASA V 0.156 0.152 0.207 0.221 0.260 3.50
Present method 0.159 0.154 0.213 0.228 0.254 3.51
Slope Zelt and Skjelbreia 0.159 0.153 0.209 0.226 0.252 3.52
LASA V 0.159 0.156 0.208 0.231 0.283 3.52
Present method 0.159 0.154 0.212 0.229 0.253 3.51
Wall Zelt and Skjelbreia 0.158 0.153 0.212 0.227 0.264 3.54
LASA V 0.159 0.156 0.208 0.231 0.283 3.52
Present method 0.159 0.154 0.212 0.231 0.276 3.54
C Absorber Target 0.182 0.191 0.255 0.273 0.312 3.55
Zelt and Skjelbreia 0.180 0.179 0.234 0.243 0.275 3.54
LASA V 0.181 0.187 0.251 0.267 0.306 3.50
Present method 0.184 0.191 0.254 0.272 0.311 3.54
Slope Zelt and Skjelbreia 0.180 0.181 0.240 0.250 0.280 3.58
LASA V 0.184 0.190 0.260 0.279 0.332 3.48
Present method 0.185 0.193 0.258 0.276 0.303 3.58
Wall Zelt and Skjelbreia 0.177 0.177 0.229 0.244 0.292 3.54
LASA V 0.182 0.188 0.262 0.287 0.341 3.46
Present method 0.184 0.193 0.262 0.285 0.317 3.54
Note: Time domain parameters are based on zero-down crossing analysis.
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important to note that the wavelength of a bound subharmonic or
superharmonic is always between the wavelength of the primary
components to which it is bound and a free component at the same
frequency. Consequently, if the array is designed to separate free
waves in the range in which energy is present in the spectrum,
then it can also separate the bound components. For this reason,
the recommendations on gauge distances presented for the linear
methods are also applicable to the present method. However, it
should be taken into account that when waves are nonlinear they
include both lower and higher frequencies than a linear spectrum.
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Fig. 12. Measured and predicted surface elevation time series atwg7 for Sea State C and absorber with and without noise.
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Fig. 13. Measured and predicted surface elevation time series at wg7 for Sea State C with use of different number of wave gauges. Signals contains
noise (m = 2.5%).
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This is important when deciding the length of the array, which
should be a minimum of 5% of the length of the longest wave
component (subharmonic). Moreover, colocated singularities
should be avoided, which means that distances between two
gauges should not be an integer multiplied by the distance
between any other pair.
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Fig. 14. Registered and predicted surface elevation time series atwg7 for the laboratory data for the instances in which the highest waves occur.
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The new method requires a minimum of four gauges to separate
into incident/reflected and bound/free components, but a larger
number of gauges is recommended to have an overdetermined sys-
tem, which is less sensitive to errors (for example, noise). The sensi-
tivity to the number of wave gauges has been tested by using three
wave gauges (wg1, wg2, and wg7), five wave gauges (wg1, wg2,
wg3, wg6, and wg7), and seven wave gauges for the highly nonlin-
ear waves (Sea State C) for all three tested structures. For the array
with three wave gauges, all reflected energy is assumed free.
Because the influence of noise might be dependent on the number
of wave gauges, the analyzed signals are those with noise added as
presented in the previous section. The results are presented in
Fig. 13 and show that, up to mildly reflective structures, three wave
gauges give acceptable results, which is in agreement with the
assumption that no bound reflected energy exists. However, the sen-
sitivity to noise is a little higher with three gauges, whereas an array
with five gauges is almost as robust to noise as seven gauges.
Overall, the method is very robust to noise independent of the num-
ber of wave gauges, especially when compared with the other two
methods. For highly reflective structures and highly nonlinear
waves, a minimum of five wave gauges are needed for acceptable
results because bound reflected components cannot be ignored.
Application to Laboratory Data
The separation methods are also tested on a laboratory test per-
formed in a 25-m long wave flume at Aalborg University,
Denmark. A piston wavemaker generated the waves by using the
generation method by Zhang et al. (2007). Using the Zhang method
makes it possible to accurately generate the highly nonlinear waves
in shallow water. The surface elevation time series used as input for
the Zhang method is obtained from a numerical Boussinesq model
including a long 1:100 foreshore and using a JONSWAP spectrum
with g = 3.3 in deep water. Therefore, the long foreshore is not
required in the laboratory test to reduce the generation of free
waves. Consequently, the waves were measured on a short 1:100
foreshore with an array with seven gauges placed at 15.00, 15.50,
15.82, 16.10, 16.39, 16.55, and 17.00 m from the paddle. At the end
of the flume a 1:2 impermeable rubble mound breakwater was pres-
ent. During the test, active absorption was used [Lykke Andersen
et al. (2016) method] to minimize rereflection from the wave pad-
dle. The water depth in the middle of the wave gauge array was
0.53 m. The sea state tested is close to Sea State C used for the nu-
merical study, but it is slightly more nonlinear (Fig. 4).
Fig. 14 shows the results of the three separation methods. The
present method shows almost perfect agreement between the regis-
tered signal and the predicted total. The Zelt and Skjelbreia (1992)
method also shows almost full agreement of the measured signal
and the predicted total, but compared with the present method there
are more significant undulations in the predicted incident wave
trough because bound waves are assumed free. This supports the
findings from the numerical tests in which the wave shape for non-
linear waves was only correctly predicted by the present method.
LASA V shows significant deviations when comparing the
measured signal and the predicted total. Furthermore, LASA V
leads to the largest undulations in the predicted incident wave
trough, indicating that this method is not an improvement compared
with the linear Zelt and Skjelbreia (1992) method in this case.
The overall conclusion from the laboratory data is that the findings
from the numerical and physical tests are similar. This proves the
high relevance of the separation of the subharmonics and superhar-
monics into bound and free components used in the present method.
Discussion
The present nonlinear wave separation method for long-crested
irregular waves has proven to be a reliable method for the tested sea
states. The mathematical model for the present separation method
does not include shoaling, but the inclusion of the Baldock and
Simmonds (1999) method is straightforward to account for linear
shoaling. However, analysis of shoaling of nonlinear waves is very
complicated because it involves the transformation of energy to the
bound components. Thus, the application of the present method to
nonlinear waves on steep foreshores is questionable, especially
when waves are predicted far from the center of the wave gauge
array. Moreover, the method assumes stationarity and does not
include breaking waves, for example. Therefore, further tests are
needed to quantify prediction errors for such waves. Broken waves
on a very shallow foreshore are characterized by a wide spectrum
without a distinct peak. For such waves the present method cannot
identify the subharmonic and superharmonic segments correctly.
For the same reason, the separation method is not able to separate
incident and reflected waves for double-peaked primary spectra
(swellþwind).
Conclusion
Lykke Andersen et al. (2017) presented a method for the separation
of nonlinear regular waves into incident and reflected waves. The
present paper extends this method to irregular waves. The extension
is based on dividing the wave spectrum into a subharmonic part, a
primary part, and a superharmonic part. To include amplitude dis-
persion for irregular waves, a simplified b factor is introduced and
calibrated.
Nine numerical irregular wave tests with three different struc-
tures and three different wave nonlinearities were used to evaluate
the present method as well as existing methods (Zelt and Skjelbreia
1992 and LASA V by Figueres et al. 2003). Zelt and Skjelbreia
(1992) gave accurate results for the linear waves and reasonable
results for the mildly nonlinear waves. On the other hand, for the
highly nonlinear waves, that method gave an underprediction of the
extreme waves by approximately 12%. The LASA V method does
not provide reliable surface profiles for any of the present tests and
also gives large errors on the wave heights for the linear waves.
However, for nonlinear waves without reflection, the LASA V
method provides accurate overall wave parameters.
The present separation method proved to be accurate for all tests.
Even for the highly nonlinear waves, the error on the height of
extreme waves is typically less than 1%. This is a large improve-
ment compared with existing methods, and it shows the high rele-
vance of the new method when analyzing nonlinear waves. The
present method might not give reliable results for steep seabeds
because shoaling is not included, and linear shoaling would not be
accurate. The existingmethods in the present paper are not expected
to give reliable results in case of nonlinear waves on a steep fore-
shore. Furthermore, the present method is not expected to give
accurate results for double-peaked spectra (combined wind and
swell) or broken waves without a distinct peak.
Moreover, the present method was found less sensitive to
uncorrelated white noise compared with the other two meth-
ods. This is expected to be caused by a more correct mathe-
matical model. Finally, the methods have been applied to lab-
oratory data, which show similar results based on the numeri-
cal data.
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Appendix. Elements ofA,B,D, and E
Elements ofA
A11 ¼
XM
m¼1
C 1ð ÞI
h i2
(17)
A12 ¼ A21 ¼
XM
m¼1
C 1ð ÞI C
1ð Þ
R
h i
(18)
A22 ¼
XM
m¼1
C 1ð ÞR
h i2
(19)
whereM is the number of gauges.
Elements ofB
B1 ¼
XM
m¼1
bh 1ð Þ xmð ÞC 1ð ÞIh i (20)
B2 ¼
XM
m¼1
bh 1ð Þ xmð ÞC 1ð ÞRh i (21)
Elements ofD
D11 ¼
XM
m¼1
C nð ÞI;B
h i2
(22)
D12 ¼ D21 ¼
XM
m¼1
C nð ÞI;BC
nð Þ
R;B
h i
(23)
D13 ¼ D31 ¼
XM
m¼1
C nð ÞI;FC
nð Þ
I;B
h i
(24)
D14 ¼ D41 ¼
XM
m¼1
C nð ÞR;FC
nð Þ
I;B
h i
(25)
D22 ¼
XM
m¼1
C nð ÞR;B
h i2
(26)
D23 ¼ D32 ¼
XM
m¼1
C nð ÞI;FC
nð Þ
R;B
h i
(27)
D24 ¼ D42 ¼
XM
m¼1
C nð ÞR;FC
nð Þ
R;B
h i
(28)
D33 ¼
XM
m¼1
C nð ÞI;F
h i2
(29)
D34 ¼ D43 ¼
XM
m¼1
C nð ÞR;FC
nð Þ
I;F
h i
(30)
D44 ¼
XM
m¼1
C nð ÞR;F
h i2
(31)
Elements ofE
E1 ¼
XM
m¼1
bh nð Þ xmð ÞC nð ÞI;Bh i (32)
E2 ¼
XM
m¼1
bh nð Þ xmð ÞC nð ÞR;Bh i (33)
E3 ¼
XM
m¼1
bh nð Þ xmð ÞC nð ÞI;Fh i (34)
E4 ¼
XM
m¼1
bh nð Þ xmð ÞC nð ÞR;Fh i (35)
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